Explicit Lyapunov functions for SIR and SEIR compartmental epidemic models with nonlinear incidence of the form βI p S q for the case p ≤ 1 are constructed. Global stability of the models is thereby established.
1.
Introduction. It is traditionally postulated that the spread of an infection occurs according to the principle of mass action and associated with it the bilinear incidence rate. However, there are a variety of reasons why this standard bilinear incidence rate may require modification. The incidence rate of the form βI p S q , were S and I are respectively the number of susceptible and infective individuals in the population (or the fractions of susceptible and infective), and β, p and q are positive constants, is the most common nonlinear incidence rate. In recent years models with this incidence rate were considered by several authors, for example Liu et al. [11, 12] , Hethcote et al. [6] , Hethcote and van den Driessche [7] , Derrick and van den Driessche [2, 3] , Glendinning and Perry [4] , Lizana and Rivero [13] and others. With very few exceptions, these authors focused on the local properties and bifurcations of equilibrium states.
In this note applying the direct Lyapunov method, we consider global properties of SIR and SEIR models with the incidence rate of the form βI p S q for the particular case p ≤ 1. We construct a Lyapunov function which is a generalization of the Lyapunov functions constructed earlier for models with bilinear incidence [10, 8] . We show that the condition p ≤ 1 is a sufficient condition for global stability, and that the global properties of the systems do not depend on the value of q.
2. Main result. Following the classical assumption [1, 5] , we divide a population of a constant size into a number of classes of epidemiological significance denoting respectively by S, E, I and R the fractions of susceptible, exposed, infective and recovered (or removed) individuals in the population, so that S + (E) + I + R = 1 holds. For the incidence rate of the form βI p S q , the basic SIR model iṡ
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Here b is the birth rate, µ is the susceptible death rate, δ is the infective removal rate (including the mortality rate) and θ is the rate with which the exposed population moves into the infective class; σ ≥ θ includes also mortality of the exposed individuals. We omit the equations for the recovered population R; the constant population size assumption enables us to do so. If 0 < p < 1 holds, then each of these systems has two equilibrium states: an infection-free equilibrium Q 0 with the coordinates S 0 = b/µ, E 0 = I 0 = 0, and an endemic equilibrium state Q * = (S * , E * , I * ), such that
Here B = σ/θ for the SEIR system, or B = 1 for the SIR system. (In the case p > 1, these systems have either one, two, or no equilibrium states [11] .)
The following Theorem provides global properties of the systems (1) and (2).
Theorem 2.1. If p ≤ 1, then the endemic equilibrium states Q * of the models (1) and (2) are globally asymptotically stable. The stability does not depend on the value of the parameter q. Proof. Assume that p, q = 1. Then for these SIR and SEIR models we construct a Lyapunov function of the form
Here A = 1, B = σ/θ and C = 1 for the SEIR system, or A = B = 1 and C = 0 for the SIR system. This function is defined and continuous for all S, E, I > 0. The function V (S, E, I) satisfies
and hence it is easy to see that Q * is the only extremum and the global minimum of the function in the positive octant R 3 + . Consequently, the function (4) is indeed a Lyapunov function [14] . This function is a generalization of the Lyapunov functions constructed in [10, 8] for the case of the nonlinear incidence rate βI p S q .
In the case of the SEIR system (2), using the equalities b = µS * + BδI * , βI * p S * q = BδI * , δI * = θE * , Bθ = σ LYAPUNOV FUNCTION FOR EPIDEMIC MODELS 59 for the equilibrium state Q * , the function V (S, E, I) satisfieṡ
Here u = S/S * , v = I/I * and w = EI * p /E * I p . If p < 1, then
Since the arithmetical mean is greater than, or equal to the geometrical mean,
(where the equality holds only if u = w = 1). Furthermore,
Therefore, the condition p < 1 ensures that dV dt ≤ 0 for all S, E, I > 0, where the equality holds only at the equilibrium point Q * = (S * , E * , I * ). By the Lyapunov asymptotic stability theorem [14] , the equilibrium point Q * is globally asymptotically stable. This result is valid for the whole positive octant R 3 + . If either p = 1, or q = 1, then we have to replace in the equation (4) the corresponding term, I * p p−1 I 1−p , or S *−1 S 1−q respectively, by the term −I * ln I, or −S * ln S. If p = q = 1, that is in the case of the bilinear incidence rate βSI, the function (4) This Lyapunov function has been constructed for three-and four-compartmental models [10, 8] with the standard bilinear incidence.
The case of the SIR system (1) is analogous. It is obvious that this result does not depend on the value of the parameter q.
3. Discussion and conclusion. In this paper we proved global stability of the SIR and SEIR models with the incidence rate βI p S q . This conclusion is valid under the constant population size assumption, and under the condition p ≤ 1.
In general, this global stability is associated with concavity of the incidence rate with respect to the variable I (see [9] for details). We have to note that in the case p > 1 the systems can have either one, two, or no equilibrium states, and lose stability [12, 11] .
The condition p ≤ 1 may arise as a consequence of saturation effects: when the number of the infectives is very high, so that exposure to the disease agent is virtually certain, the disease transmission or the incidence rate will respond more slowly than linearly to the increase in I. The case of the incidence rate being convex with respect to I (that is the case p > 1) is hardly common: it may arise in some particular cases as a consequence of community effects (we discuss this matter in [9] ).
Finally, we point out one particular feature of the incidence rate βI p S q : for all p < 1 the basic reproduction number R 0 of a model is equal to zero, whereas for p > 1 it tends to infinity.
